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Abstract
Our study in this note is concentrated on extending the class of strongly -regular rings,
observing the structures of them. We call a ring locally (nite if every 8nite subset in it generates
a 8nite semigroup multiplicatively. We 8rst study the structures of locally 8nite rings and then
study relations between locally 8nite rings and other related rings. We also study the strong
-regularity of some kinds of semiperfect rings with nil Jacobson radicals.
c© 2003 Elsevier B.V. All rights reserved.
MSC: 16D25; 16N40; 16S36
1. Introduction
The strong -regularity has roles in module theory and ring theory as we see in
Ara [2], Azumaya [5], Birkenmeier et al. [8], Burgess and Menal [10], Hirano [18],
Nicholson [22], Rowen [24,25], and so on. Our study in this note is concentrated on
extending the class of strongly -regular rings, observing the structures of them.
In Section 2, we are motivated by the following Jacobson’s well-known result: Let
R be a ring in which for every a∈R there exists an integer n(a)¿ 1, depending on
a, such that an(a) = a then R is commutative. We therefore consider a generalized
situation to the noncommutativity. We shall call a ring locally (nite if every 8nite
subset in it generates a 8nite semigroup multiplicatively. We 8rst show the following:
(i) each 8nite subset of a locally 8nite ring generates a 8nite subring; (ii) If R=I and
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I are both locally 8nite for some proper ideal I in a ring R then so is R, where I
is considered as a subring of R without identity; (iii) the local 8niteness is a Morita
invariant property; (iv) for a locally 8nite ring R, R is abelian semiprimitive if and only
if R is commutative regular; (v) for a right Goldie locally 8nite ring R, R is semiprime
if and only if R is a 8nite direct product of full matrix rings over locally 8nite 8elds. It
is well-known that the 2-primal condition helps to simplify other ring conditions, and
so it may be somewhat meaningful to study relations between the local 8niteness and
the 2-primal condition. We actually show that locally 8nite abelian rings are 2-primal
when they are of bounded index of nilpotency, 8nding a related counterexample.
Rowen [25, Example 2.4] found semiperfect rings with nil Jacobson radical but not
strongly -regular; hence it may be interesting to 8nd some criteria on Jacobson radicals
which assure that semiperfect rings may be strongly -regular, by the argument after
[25, Example 2.5]. In Section 3, we study the strong -regularity of some kinds of
semiperfect rings with nil Jacobson radical. Local rings are strongly -regular when
Jacobson radicals are nil, so we observe the generalized situations of this case. If R is
a right continuous ring then R=J (R) is von Neumann regular by Utumi [27, Theorem
4.6], so it may be useful to 8nd conditions for which right continuous rings may be
strongly -regular. In fact we obtain the following comparable results: (i) Let R be a
right continuous ring with J (R) nil. If J (R) is not essential in R as a right ideal and
R=J (R) is a direct product of two division rings, then R is strongly -regular. (ii) Let
R be a right continuous ring with J (R) nil. If every essential right ideal of R is 2-sided
and R=J (R) is a direct product of two division rings, then R is strongly -regular.
Throughout this paper all rings are associative with identity unless other conditions
are given. Given a ring R, the Jacobson radical, the prime radical and the set of all
nilpotent elements are denoted by J (R), P(R) and N (R), respectively. Any 8nite ring
is locally 8nite obviously, and the direct sum of locally 8nite rings, with an identity
appended if necessary, may be also locally 8nite by simple direct computations. A
ring R is called strongly -regular if for every a in R there exist a positive integer
n, depending on a, and an element b in R satisfying an = an+1b. It is obvious that a
ring R is strongly -regular if and only if R satis8es the descending chain condition
on principal right ideals of the form aR ⊇ a2R ⊇ · · ·, for every a in R. A ring R is
called -regular if for each a∈R there exist a positive integer n, depending on a, and
b∈R such that an = anban, Strongly -regular rings are -regular by Azumaya [5],
and it is easy to show that the Jacobson radicals of -regular rings are nil. Dischinger
[13] showed that the strongly -regularity is left-right symmetric. For a division ring
D and a right D-module V , notice that the endomorphism ring of V over D is strongly
-regular if and only if V is 8nite dimensional over D.
2. Locally nite rings
In this section, we 8rst show that the local 8niteness is a Morita invariant property
and locally 8nite rings are strongly -regular. Next we study the properties of locally
8nite rings, obtaining some connections between locally 8nite rings and some kinds of
manageable rings. The n × n full matrix ring over a 8nite ring S, say Rn, is clearly
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locally 8nite for any positive integer n because it is 8nite. As an in8nite case, the
Z(S)-subalgebra of T generated by ⊕∞n=1 Rn (the direct sum of Rn’s) and 1T is locally
8nite, where Z(S) is the center of S, T =
∏∞
n=1 Rn (the direct product of Rn’s), and
1T is the identity of T .
Proposition 2.1. Let R be a ring.
(1) If R is locally (nite, then so is every factor ring (hence every homomorphic
image) of R.
(2) Subrings (not necessarily with identity) of locally (nite rings are locally (nite.
(3) The direct sum of locally (nite rings, with an identity appended if necessary, is
locally (nite.
(4) The direct limit of a direct system of locally (nite rings, with an identity
appended if necessary, is locally (nite.
Proof. The proofs of (1), (2) and (3) are obtained by direct computations.
(4) Note that a direct limit of a direct system of rings may be a factor ring of the
direct sum of the rings, and so we have the result by (1) and (3).
Example 1. (1) Based on Proposition 2.1(3), one may conjecture that each direct prod-
uct of locally 8nite rings is also locally 8nite. However that is not valid for in8nite
direct product as follows. Let Rn = Z3n with n a positive integer and Z3n the ring of
integers modulo 3n. Next put R =
∏∞
n=1 Rn, and consider a = (an)∈R with an = 2 for
all n. Then every Rn is 8nite, but R is not locally 8nite since a generates an in8nite
multiplicative semigroup.
(2) The following is an example of direct limit. Let K be any 8nite 8eld and Mt(K)
be the t × t full matrix ring over K . For each positive integer i consider the standard
unital embedding of matrix rings i : M2i(K) → M2i+1(K), and let R be the direct limit
of the direct system (M2i(K); i). Then R is locally 8nite by Proposition 2.1(4).
Theorem 2.2. Let R be a ring.
(1) R is locally (nite if and only if each (nite subset of R generates a (nite subring
(not necessarily with identity).
(2) If R=I and I are both locally (nite for some proper ideal I in R then so is R,
where I is considered as a subring of R without identity.
(3) Suppose that R is locally (nite. Then for every (nitely generated projective right
R-module P, EndR(P) is locally (nite; especially the local (niteness is a Morita
invariant property, where EndR(P) is the endomorphism ring of P over R.
Proof. (1) It suLces to show the necessity. First notice that the characteristic of R is
nonzero. For, assuming that the characteristic of R is zero, then 2 = 1 + 1 forms an
in8nite multiplicative semigroup, a contradiction. Next let A be a 8nite subset of R
and B be the subring generated by A. The multiplicative semigroup (A) generated by
A is 8nite since R is locally 8nite, say (A) = {a1; a2; : : : ; an}. Notice that each element
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of B is of the form k1a1 + k2a2 + · · ·+ knan for some integers ki. But the characteristic
of R is nonzero by the previous argument, say h; then we may set 06 ki6 h− 1 for
all i. So the cardinality of B is equal to or less than hn, implying that B is also 8nite.
(2) Write Nr in place of r + I ∈R=I . First we show that the characteristic of R is
nonzero. Since R=I is locally 8nite, the characteristic of R=I is nonzero, say m, by the
same manner as in the proof of (1). I is also locally 8nite, so (m1)n = mn1 = 0 for
some positive integer n; hence R has nonzero characteristic. Then we conclude also as
in the proof of (1) that every 8nite subset of I generates a (nonunital) 8nite subring
of I . Next let A = {a1; a2; : : : ; as} be a 8nite subset of R. Then NA = { Na1; Na2; : : : ; Nas}
generates a 8nite subring of R=I by (1) since R=I is locally 8nite, say
NB = { Nb1; Nb2; : : : ; Nbs; Nbs+1; Nbs+2; : : : ; Nbt}
for some t¿ s and suitable bg ∈R (if exist) with s + 16 g6 t, where bh = ah for
h= 1; 2; : : : ; s. Set C = {b1; b2; : : : ; bt}. Notice that for any bp; bq ∈C, bpbq = bv + & for
some bv ∈C and &∈ I . Let L be the set of all such &’s in this situation. Then L is
8nite since {bpbq | bp; bq ∈C} is 8nite and Nbu’s are distinct each other. Next let J be
the set of all elements of the following forms
&; x&; &y and x&y;
where x; y∈C with and &∈L. Then J is a 8nite subset of I because C and L are
8nite, whence J generates a 8nite subring of I by the argument above, say K . In the
following computation, we will use freely the fact that K is a ring. By the argument
above, we already have that for any ai; aj ∈C, aiaj =bv +& for some bv ∈C and &∈ I .
Next for any ai; aj; ak ∈A, we have
aiajak = (bv + &)ak = bvak + &ak = bw + - + &ak
for some bv; bw ∈C and &; -∈L; but - + &ak is also in K since - and &ak are in J .
For any ai; aj; ak ; al ∈A, we have
aiajakal = ((bv + &)ak)al = (bvak + &ak)al
= (bw + - + &ak)al = bwal + -al + &akal = bd + / + -al + &be + &1
for some bv; bw; bd; be ∈C and &; -; /; 1∈L; but / + -al + &be + &1 is also in K . Now
inductively we obtain that for any subset {ai1 ; ai2 ; : : : ; aiu} of A
ai1ai2 · · · aiu = c + / for some c∈C and /∈K:
Consequently A generates a 8nite multiplicative semigroup in R since C and K are
both 8nite, proving that R is locally 8nite.
(3) We use Matn(R) to denote the n × n full matrix ring over R for any positive
integer n. eRe is locally 8nite for every e = e2 ∈R by Proposition 2.1(2). Let T be a
8nite subset of Matn(R) and let S = {aij | (aij)∈T}. Then S is 8nite since T is 8nite,
and S generates a 8nite subring in R, say U , by (1). Notice that every matrix, which
is in the multiplicative semigroup generated by T in Matn(R), must have entries in U .
Consequently the multiplicative semigroup generated by T is 8nite, and so Matn(R)
is locally 8nite for each positive integer n. Note that EndR(P) ∼= eMatn(R)e for some
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e2 = e∈Matn(R) and some positive integer n. Thus the proof is complete, applying
Proposition 2.1(2).
The converse of Theorem 2.2(2) already holds by Proposition 2.1(1) and (2). The
characteristic of a locally 8nite ring is nonzero by the proof of Theorem 2.2(1), but
there is a ring of nonzero characteristic but not locally 8nite. Let F be the 8eld of
integers modulo 2, F[x] be the polynomial ring over F with x the indeterminate, and
Rn = F[x]=xnF[x] for any positive integer n. Denote
∏∞
n=1 Rn by R, and consider the
element a = ( N1; Nx; Nx; : : : ; Nx; : : :) in R with Nx = x + xnF[x]. Then a generates an in8nite
multiplicative semigroup of R, so the characteristic of R is 2 but R is not locally
8nite.
Corollary 2.3. For a ring R and a positive integer n, the following conditions are
equivalent:
(1) R is locally (nite.
(2) The n× n full matrix ring over R is locally (nite.
(3) The n× n upper triangular matrix ring over R is locally (nite.
(4) The n× n lower triangular matrix ring over R is locally (nite.
Proof. (1) ⇒ (2): By the proof of Theorem 2.2(3). (2) ⇒ (3) ⇒ (1) and (2) ⇒
(4) ⇒ (1) are obtained from Proposition 2.1(2).
Next we study the properties of locally 8nite rings.
Lemma 2.4. Let R be a ring.
(1) If R is locally (nite and a∈R, then at is an idempotent for some positive
integer t.
(2) Locally (nite rings are strongly -regular.
(3) If R is locally (nite then left and right singular ideals of R are contained in J (R).
Proof. (1) Since R is locally 8nite, am =am+n for some integers m; n¿ 1. Then induc-
tively we have am=aman=ama2n= · · ·=amamn=am(n+1); hence letting s=n+1 then we
obtain am = (am)s with s¿ 2. But a(s−1)m = a(s−2)mam = a(s−2)m(am)s = a2(s−1)m =
(a(s−1)m)2, so at is an idempotent in R with t = (s− 1)m = mn.
(2) By (1), a locally 8nite ring R satis8es the descending chain condition on principal
right ideals of the form aR ⊇ a2R ⊇ · · ·, for every a in R; hence R is strongly -regular.
(3) By (2), [10, Proposition 2.6(iii); 22, Proposition 1.9].
The converse of Lemma 2.4(2) is obviously not true in general for strongly -regular
rings of characteristic zero (e.g., the 8eld of rationals). By Lemma 2.4(2), locally 8nite
rings have the exchange property as regular modules by [10, Proposition 2.6(iii)] and
[22, Proposition 1.8(1)].
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A ring R is called von Neumann regular (simply regular) if for each a∈R there
exists x∈R such that a = axa: Regular rings are clearly -regular. A ring R is called
strongly regular if for each x∈R there exists y∈R such that x= x2y. Strongly regular
rings are strongly -regular obviously. A ring is called abelian if every idempotent is
central, and a ring is called reduced if it has no nonzero nilpotent elements. Reduced
rings are abelian by simple computations. Note that a ring R is strongly regular if
and only if R is abelian regular if and only if R is reduced regular, by Goodearl [14,
Theorems 3.2 and 3.5].
Proposition 2.5. Let R be a locally (nite ring. If R is abelian, then R=J (R) is a
strongly regular ring with N (R) = J (R).
Proof. Let 0 = a∈N (R) with al = 0 for some positive integer l. Assume that ar ∈
N (R) for some r ∈R. Then (ar)s is a nonzero idempotent for some positive integer s by
Lemma 2.4(1), say (ar)s=ab with b∈R. But it is central since R is abelian, and so 0 =
(ar)s+1 = (ar)(ar)s = (ar)((ar)s)l = (ar)(ab)l = (a(ab)r)(ab)l−1 = (aa(ab)br)(ab)l−2 =
· · · = (albl−1r)(ab) = 0, a contradiction. Thus ar is in N (R) for all r ∈R, similarly
ra is also in N (R) for all r ∈R. Consequently aR and Ra are nil and so they are
contained in J (R); hence we have N (R) ⊆ J (R). We also get J (R) ⊆ N (R) since R is
strongly -regular by Lemma 2.4(2), showing N (R)=J (R). It then follows that R=J (R)
is reduced and strongly -regular. So Corollary 6 of Birkenmeier et al. [8] implies that
every prime factor ring of R=J (R) is a division ring; hence it is strongly regular by
Theorems 1.21 and 3.2 of Goodearl [14].
One may suspect P(R)=J (R) in Proposition 2.5; however it does not hold generally
by Example 2 in this paper. The converse of Proposition 2.5 is not true in general by
the 2 × 2 upper triangular matrix ring over a locally 8nite strongly regular ring. It is
well-known that locally 8nite domains are 8elds, but here we may get another proof
as a consequence of above results.
Corollary 2.6. Locally (nite domains are (elds; moreover every (nite subset of a
locally (nite domain generates a (nite (eld.
Proof. Let R be a locally 8nite domain. Then R is a strongly regular ring by Proposition
2.5, so for any 0 = x∈R there is y∈R with x(1− xy) = 0. Since R is a domain, x is
a unit and so R is a division ring. By Theorem 2.2(1), each 8nite subset of a locally
8nite ring generates a 8nite subring; hence any two elements a; b∈R generate a 8nite
domain, say D, which has the identity of R by Lemma 2.4(1). Consequently D is a
8eld by the Wedderburn’s well-known fact, proving ab = ba. Every 8nite subset of a
locally 8nite domain generates a 8nite 8eld similarly.
Note that algebraic closures of 8nite 8elds are locally 8nite but not 8nite. A ring is
called nonsingular if it is both right and left nonsingular. Regular rings are nonsingular
by Corollary 1.2 of Goodearl [14].
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Theorem 2.7. For a locally (nite ring R, the following conditions are equivalent:
(1) R is an abelian semiprimitive ring.
(2) R is a reduced ring.
(3) R is a subdirect product of locally (nite (elds.
(4) R is a commutative regular ring.
(5) For each 0 = a∈R, aR (or Ra) contains a nonzero central idempotent.
(6) R is a commutative nonsingular ring.
(7) R is a commutative semiprime ring.
Proof. (1) ⇒ (2): By Proposition 2.5.
(2) ⇒ (3) : By Proposition 1.11 of Shin [26], every minimal prime ideal of R is
completely prime since R is reduced. So R is a subdirect product of domains. But these
domains are locally 8nite by Proposition 2.1(1), so they are 8elds by Corollary 2.6.
(3) ⇒ (4): R is commutative reduced by the condition, and then R is commutative
regular by Proposition 2.5.
(2) ⇒ (5): Note that reduced rings are abelian. So given 0 = a∈R, aR (Ra) contains
a nonzero central idempotent by the reducedness of R and Lemma 2.4(1).
(5) ⇒ (2): Assume that there exists 0 = a∈R with an = 0. But aR has a nonzero
central idempotent by the condition, say ax; it then follows that 0 = ax=axax=a2x2 =
a2x2ax = a3x3 = · · ·= anxn = 0, a contradiction. So R is reduced.
The proof of (4) ⇒ (6) is obvious, while (6) ⇒ (7) is proved by Chatters and
Hajarnavis [12, Lemma 1.3].
(7) ⇒ (1): Note that a commutative semiprime ring is reduced. R is strongly
-regular by Lemma 2.4(2), so J (R) is nil and then J (R) = 0.
In Theorem 2.7, the condition “R is an abelian semiprime ring” cannot be inserted
by Example 2 in this paper.
Remark. Reduced locally 8nite rings are commutative regular by Theorem 2.7; hence
the group of all units in R is abelian. For strongly regular rings, we may obtain a similar
result as follows, using the method in the proof of Theorem 3.2 of Han [16]: Given
a strongly regular ring R, we have that G is abelian if and only if R is commutative,
where G is the group of all units in R.
Proposition 2.8. For a right Goldie locally (nite ring R, the following conditions are
equivalent:
(1) R is an abelian semiprime ring.
(2) R is a strongly regular ring.
(3) R is a reduced ring.
(4) R is a (nite direct product of locally (nite (elds.
(5) R is a commutative nonsingular ring in which every prime ideal is maximal.
(6) For each 0 = a∈R, aR (or Ra) contains a nonzero central idempotent.
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Proof. (3) ⇔ (6) and (5) ⇒ (1) are proved by Theorem 2.7, so it suLces to show
(1) ⇒ (4) since other directions are obvious. R is a semiprime right Goldie ring by the
condition, moreover R and its classical right quotient ring coincide by Lemma 2.4(2);
hence R is semisimple Artinian. But R is abelian by the condition, so R is a 8nite
direct product of division rings. These are locally 8nite by Proposition 2.1, so they are
locally 8nite 8elds by Corollary 2.6.
The above condition “right Goldie” is not superQuous by Example 2 in this paper.
As a byproduct of Proposition 2.8, we have the following: R is semiprime right Goldie
if and only if R is a 8nite direct product of locally 8nite 8elds if and only if R is
Artinian, when R is an abelian locally 8nite ring.
Proposition 2.9. For a right Goldie locally (nite ring R, the following conditions are
equivalent:
(1) R is a semiprime ring.
(2) R is regular.
(3) R is a (nite direct product of full matrix rings over locally (nite (elds.
(4) R is a semiprimitive ring in which every prime ideal is maximal.
Proof. It suLces to show (1) ⇒ (3) since other directions are obvious. R is a 8-
nite direct product of full matrix rings over division rings by the proof of Proposi-
tion 2.8. These division rings are also locally 8nite 8elds also by the proof of Pro-
position 2.8.
The above condition “right Goldie” is also not superQuous by Example 2 in this
paper. As a byproduct of Proposition 2.9, we have the following: R is semiprime right
Goldie if and only if R is a 8nite direct product of full matrix rings over locally 8nite
8elds if and only if R is Artinian, when R is a locally 8nite ring.
Given a locally 8nite ring R, we have concentrated on the case of J (R) = N (R).
Furthermore we now observe the case of P(R) = N (R), recalling the result in
Hirano [18, Theorem 1] and Birkenmeier et al. [8, Corollary 6] that for a ring R
with P(R) = N (R), R is strongly -regular if and only if every prime factor ring of R
is a division ring if and only if R=P(R) is strongly regular with P(R) = J (R) = N (R).
Locally 8nite rings are strongly -regular by Lemma 2.4(2), and so it may be some-
what meaningful to study relations between the local 8niteness and the condition
P(R) = N (R). The following is only a restatement of Theorem 2.7 for the factor
ring R=P(R).
Proposition 2.10. Let R be a locally (nite ring. Then the following conditions are
equivalent:
(1) P(R) = N (R), i.e., R=P(R) is reduced.
(2) Every prime factor ring of R is a locally (nite (eld.
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(3) R=P(R) is a subdirect product of locally (nite (elds, and every prime ideal of R
is maximal.
(4) R=P(R) is commutative regular.
In the preceding case we actually have P(R) =N (R) = J (R) by Lemma 2.4(2). Due
to Birkenmeier et al. [7], a ring R is called 2-primal if P(R) = N (R); while Hirano
[18] call such a ring an N-ring, observing the strong -regularity of matrix rings over
strong -regular rings. It is well-known that the 2-primal condition helps to simplify
other ring conditions, and the initial study of the 2-primal condition was done by Shin
[26]. It is clear that a ring R is 2-primal if and only if R=P(R) is reduced; hence
commutative rings and reduced rings are 2-primal obviously. The index of nilpotency
of a nilpotent element x in a ring R is the least positive integer n such that xn =0. The
index of nilpotency of a subset I of R is the supremum of the indices of nilpotency
of all nilpotent elements in I . If such a supremum is 8nite, then I is said to be of
bounded index of nilpotency.
Proposition 2.11. Let R be a locally (nite abelian ring. If R is of bounded index of
nilpotency then R is a 2-primal ring with P(R) = J (R) = N (R).
Proof. If N (R) = 0 then R is reduced so 2-primal. Suppose N (R) = 0 and let 0 =
a∈N (R). Then aR is a nonzero nil right ideal of R by the proof of Proposition 2.5.
Since R is of bounded index of nilpotency, aR contains a nonzero nilpotent ideal of R
by the Levitzki’s lemma [17, Lemma 1.1]. R=P(R) is also locally 8nite by Proposition
2.1(1), and it is an abelian ring of bounded index of nilpotency since P(R) is nil.
Assume that P(R) $ N (R), then we obtain a nonzero nilpotent ideal in R=P(R),
applying the above method again; that is a contradiction. Thus R is 2-primal, and
P(R) = J (R) = N (R) by Lemma 2.4(2).
Considering the conditions above, one may conjecture that locally 8nite abelian rings
are 2-primal. However it does not hold in general by the following.
Example 2. There exists a locally 8nite abelian ring that is not 2-primal and not
of bounded index of nilpotency. We construct such a ring in the same structure as
the ring in Birkenmeier et al. [9, Example 3.3]. Let V be a vector space over Z2,
the 8eld of integers modulo 2, that is of countably in8nite dimension with a basis
{v(0); v(1); v(−1); : : : ; v(i); v(−i); : : :}. Then there exists one and only one
endomorphism f(i) of V, for i = 1; 2; : : : such that f(i)(v(j)) = 0 if j ≡ 0 (mod 2i)
and f(i)(v(j)) = v(j − 1) if j ≡ 0 (mod 2i). Denote F the ring, without identity, of
endomorphisms of V generated by the endomorphisms f(1); f(2); : : :. Now let R be
the ring obtained from F by adjoining the identity map of V. Then R is semiprime by
the method in [6, p.540]. R=F ∼= Z2 and N (R) = J (R) = F = 0 by the same argument
as in Birkenmeier et al. [9, Example 3.3]. So R is not 2-primal. Notice that since R
is local and J (R) is nil, the identity is the only nonzero idempotent of R so R is
abelian. Next let S be a 8nite subset of R and (S) be the multiplicative semigroup of
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R generated by S. Let n be the largest one among the integers i such that f(i) appears
in S. Notice that Tm = 0 for some m6 2n and
T = {&∈F | &∈ (S) or 1 + &∈ (S)};
hence T may be considered as a subset of the m× m full matrix ring Matm(Z2) over
Z2 since every &∈T is periodic and it is completely determined by the action on
v(j)’s. So T is 8nite since Matm(Z2) is 8nite, and consequently (S) is also 8nite
because -∈ (S) with - ∈ T , if any, is of the form 1 + & with &∈T . Therefore R is
a locally 8nite abelian ring but not 2-primal; note that R is not of bounded index of
nilpotency.
Finite rings are clearly locally 8nite rings of bounded index of nilpotency; hence
8nite abelian rings must be 2-primal by Proposition 2.11. In this situation one may
suspect that abelian rings are 2-primal and that 8nite rings are 2-primal. The former
already does not hold in general by Example 2, and the latter is also not true in general
by n× n full matrix rings over 8nite rings for n¿ 2.
A group is called locally (nite if each 8nite subset generates a 8nite subgroup. For
a group G and a ring R, denote the group ring of G over R by R[G] and each element
of it is expressed by
∑
rg with r ∈R and g∈G. A polynomial ring over any ring
cannot be locally 8nite, but some factor rings of it may be locally 8nite as follows.
Proposition 2.12. (1) Let R be a ring and G be a group. Then R[G] is locally (nite
if and only if both R and G are locally (nite.
(2) If R is a locally (nite ring then so is R[x]=xnR[x] for all positive integer n,
where R[x] is the polynomial ring over R with x the indeterminate.
Proof. (1) It suLces to show the suLciency since the necessity is naturally obtained.
Given a 8nite subset S of R[G], let A={r ∈R | ∑ rg∈ S} and B={g∈G | ∑ rg∈ S}.
Then A generates a 8nite subring of R by Theorem 2.2(1), say (A); while B generates
a 8nite subgroup of G, say (B). Note that each element in the multiplicative semigroup
generated by S, say (S), is of the form
∑
ah with a∈ (A) and h∈ (B). So (S) is also
8nite, implying that R[G] is locally 8nite.
(2) The proof is obtained by (1).
3. Semiperfect rings with nil Jacobson radical
Based on the examples in CedRo and Rowen [11] and Rowen [25], we will 8nd
some criteria on Jacobson radicals which assure that semiperfect rings may be strongly
-regular. In this situation, it is necessary to suppose that Jacobson radicals are nil
since -regular rings have nil Jacobson radicals. A ring R is called local if R=J (R) is
a division ring. Note that for a local ring with nil Jacobson radical each element is
either invertible or nilpotent; hence we obtain the following.
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Lemma 3.1. A local ring with nil Jacobson radical is strongly -regular.
The condition “nil Jacobson radical” is not superQuous in Lemma 3.1 by a formal
power series ring over a 8eld. A ring R is called semilocal if R=J (R) is semisimple
Artinian, so any local ring is semilocal obviously. We call a ring R semiperfect if R
is semilocal and idempotents modulo J (R) can be lifted; one important case is when
the Jacobson radical is nil. CedRo and Rowen [11, Example 1] found a semiperfect ring
with locally nilpotent Jacobson radical but not strongly -regular. So it is natural to
consider the following condition.
Proposition 3.2. For a ring R, suppose that R=J (R) is a (nite direct product of
strongly -regular rings and J (R) is nil. If J (R) is of bounded index of nilpotency
then R is strongly -regular.
Proof. First note that a 8nite direct product of strongly -regular rings are also strongly
-regular. J (R)=P(R) is also of bounded index of nilpotency since J (R) is a nil ideal
of bounded index of nilpotency, so we have J (R)=P(R) by the Levitzki’s lemma [17,
Lemma 1.1]. Then R is strongly -regular by Proposition 3 of Hirano [18].
The condition “of bounded index of nilpotency” in Proposition 3.2 is not superQuous
by Example 1 of CedRo and Rowen [11] in fact the Jacobson radical in the example is
locally nilpotent but the index of nilpotency is not bounded. One-sided Artinian rings
are clearly strongly -regular, so we have the following by Proposition 3.2.
Corollary 3.3. Suppose that a ring R is semilocal and J (R) is nil of bounded index
of nilpotency. Then R is strongly -regular.
Remark. A subset of a ring is called nilpotent if some power of it is zero. Let R be a
ring. Each case of the following has the property that nil ideals are nilpotent by Lanski
[20], Lenagan [21] and Chatters and Hajarnavis [12, Theorem 1.34] respectively; hence
we obtain strongly -regular rings by Proposition 3.2 when R=J (R) is a 8nite direct
product of strongly -regular rings and J (R) is nil:
(i) R is a ring with right Krull dimension (in the sense of Gabriel and Rentschler,
see [15]),
(ii) R is right Goldie, and
(iii) R satis8es the ascending chain condition on both right and left annihilators.
A ring R is called a right p.p. ring if each principal right ideal of R is projective.
It is simply checked that a ring R is right p.p. if and only if the right annihilator of
each element of R is generated by an idempotent. Domains, semisimple Artinian rings,
and n× n upper triangular matrix rings over division rings are right p.p. rings, where
n= 1; 2; : : :. A ring R is said to have enough idempotents if the identity can be written
as the sum of a 8nite number of orthogonal primitive idempotents. A ring has enough
idempotents if it has no in8nite sets of orthogonal idempotents.
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Corollary 3.4. Let R be a semilocal ring with J (R) nil. If R is a right p.p. ring then
R is strongly -regular.
Proof. Since R is semilocal and J (R) is nil, R is semiperfect by Proposition 3.6.1 of
Lambek [19] and moreover R has enough idempotents by Proposition 3.6.4 of Lambek
[19]. Then J (R) is nilpotent by Lemma 8.6 of Chatters and Hajarnavis [12] implying
that R is strongly -regular by Corollary 3.3.
Next we study the strong -regularity or -regularity of more generalized situations
of Lemma 3.1.
Proposition 3.5. Let R be a ring with nontrivial central idempotent. If R=J (R) is a
direct product of two division rings and J (R) is nil then R is strongly -regular.
Proof. Let e be a nontrivial central idempotent in R. Then e must be a primitive
idempotent by the condition that R=J (R) is a direct product of two division rings. Note
that R is semiperfect since J (R) is nil, so eR= eRe is a local ring by Proposition 3.7.2
of Lambek [19]. Similarly fR=fRf is also a local ring with f= 1− e. Consequently
R is a direct product of two local rings with nil Jacobson radicals through R=eR⊕fR,
and thus R is a direct product of two strongly -regular rings by Lemma 3.1. Therefore
R is strongly -regular.
A ring R is called right continuous if (1) every right ideal of R is essential in a
right direct summand of R and (2) every right ideal of R isomorphic to a right direct
summand is generated by an idempotent. Right self-injective rings are right continuous
by Theorem 4.7 of Utumi [27]. If R is a right continuous ring then R=J (R) is regular
by Theorem 4.6 of Utumi [27], so it may be interesting to study conditions for which
right continuous rings may be strongly -regular.
Proposition 3.6. Let R be a right continuous ring with J (R) nil. If R is 2-primal then
R is strongly -regular.
Proof. R=J (R) is regular by Theorem 4.6 of Utumi [27] since R is right continuous;
and so R is strongly -regular by Theorem 1 of Hirano [18].
Proposition 3.7. Let R be a right continuous ring with J (R) nil. If J (R) is not essen-
tial in R as a right ideal and R=J (R) is a direct product of two division rings, then
R is strongly -regular.
Proof. Let R=J (R) =D1⊕D2 with Di division rings, and x∈R. If x is either nilpotent
or invertible then we are done, so we assume that x is neither nilpotent nor invertible.
Then Nx=x+J (R)=(a; 0) or Nx=x+J (R)=(0; b), for some 0 = a∈D1 and 0 = b∈D2.
Say Nx = x + J (R) = (a; 0). Write NR = R=J (R). Clearly (1; 0)∈ Nx NR, and there exists a
nonzero idempotent e of R such that e+ J (R) = (1; 0) by Proposition 3.6.1 of Lambek
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[19]. The condition R=J (R)=D1⊕D2 implies that e is a primitive idempotent; moreover
R is semiperfect and so eRe is a local ring by Proposition 3.7.2 of Lambek [19]. Now
assume that eJ (R) = 0 and (1 − e)J (R) = 0; then since R is right continuous, there
exist nonzero idempotents f; g∈R such that eJ (R) and (1−e)J (R) are essential in fR
and gR respectively. Consequently J (R) = eJ (R) + (1− e)J (R) is essential in fR+gR;
but f+J (R)=(1; 0) and g+J (R)=(0; 1) since R=J (R)=D1⊕D2, so we get fR+gR=R.
Then J (R) is essential in R, a contradiction to the given condition. Therefore eJ (R)=0
or (1− e)J (R) = 0. Say eJ (R) = 0, then eR is a minimal right ideal of R by Corollary
17.20 of Anderson and Fuller [1] because eRe is local. Thus (1 − e)R is a maximal
right ideal of R and it is furthermore a maximal ideal of R because R=J (R)=D1⊕D2. It
follows that R(1− e) ⊆ (1− e)R and eR(1− e)=0: So er= ere for all r ∈R; especially
ex = exe and hence we have x = ex + (1 − e)x = exe + (1 − e)x and (1 − e)x∈ J (R),
implying that xn ∈Re (then xn = xne) for some positive integer n. Since eRe is local
and exne ∈ J (R), there exists y = eye∈ eRe such that exney = yexne = e; hence
xn = xne = xnexney = xnxny = x2ny:
The proofs of other cases are similar. R is strongly -regular by these arguments.
Lemma 3.8. For a ring R, suppose that R=J (R) is a (nite direct product of division
rings. If J (R) is nil and x ∈ J (R), then xR (Rx) contains a nonzero idempotent.
Proof. Set R=J (R) = D1 ⊕ D2 ⊕ · · · ⊕ Dk with Di division rings, and denote r +
J (R) by Nr for r ∈R. If xR contains J (R) then the proof is simple, so we assume
that x is noninvertible. Then Nx = (a1; a2; : : : ; ak) with ai ∈Di and ∅ $ {i | ai = 0} $
{1; 2; : : : ; k}. Here we may suppose a1 = 0, then there exists y∈R such that Nx Ny= Ny Nx=
(1; b2; : : : ; bk−1; 0) with each nonzero bi (if any) 1. So ( Nx Ny)l = Nx Ny for every positive
integer l, especially xy − (xy)2 ∈ J (R). (xy − (xy)2)n = 0 for some positive integer n
since J (R) is nil. Set z = xy, then we have
0 = (z − z2)n = zn −
(
n1− n(n− 1)
2
z + · · · − (−1)nzn−1
)
zn+1:
Set a=n1−n(n−1)=2z+· · ·−(−1)nzn−1, then zn=azn+1 and inductively we obtain zn=
amzm+n for every positive integer m. Now let u=(az)n, then u2 =(az)2n =an(anzn+n)=
anzn = u because az = za. Note that Nu = Nz = (1; b2; : : : ; bk−1; 0), and so u is a nonzero
idempotent of R. But u∈ xR by the de8nition of z. The argument for Rx is similar.
A ring R is called an exchange ring [28] if RR has the exchange property. A right
continuous ring is exchange by Proposition 1.6 of Nicholson [22]. A ring I without
identity is called an exchange ring [3, de8nition after Theorem 11.2] if for each x∈ I
there exist an idempotent e∈ I and r; s∈ I such that e = xr = x + s− xs.
Proposition 3.9. Let R be a right continuous ring with J (R) nil. If every essential
right ideal of R is 2-sided and R=J (R) is a direct product of two division rings, then
R is strongly -regular.
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Proof. Let x∈R and R=J (R) =D1 ⊕D2 with Di division rings. Write NR= R=J (R) and
Nr = r + J (R). If x is either nilpotent or invertible then we are done, so we assume that
x is neither nilpotent nor invertible. Then Nx= x+ J (R) = (a; 0) or Nx= x+ J (R) = (0; b),
for some 0 = a∈D1 and 0 = b∈D2. Say Nx = x + J (R) = (a; 0).
First consider the case that xR is not essential in R. There exists an idempotent e
of R such that xR is essential in eR because R is right continuous; hence x = ex =
exe + ex(1 − e): Note that e + J (R) = (1; 0) because xR is not essential in R, and so
exe ∈ J (R). Also e must be a primitive idempotent in view of R=J (R)=D1⊕D2; hence
R is semiperfect by Proposition 3.6.1 of Lambek [19] and eRe is local by Proposition
3.7.2 of Lambek [19]. Then there exists y = eye∈ eRe such that exey = yexe = e, and
thus
x = ex = e(exexy2)x = x2(y2x):
Next consider the case that xR is essential in R, then xR is 2-sided by hypothesis.
Assume that Nx= (a; 0) with a = 0. There exists y∈R such that Nx Ny = Ny Nx= (1; 0). Then
xy2x is another preimage of (1; 0). Since R is an exchange ring, xR is an exchange ring
by Example (1) of Ara [3]. Then Rx is an exchange ring by Proposition 1.3 of Ara et
al. [4]. So there are tx∈Rx and sx∈Rx such that h := xy2x(tx) = xy2x+ sx− xy2x(sx):
Then Nh = (1; 0); and so 0 = h = h2 ∈ xRx. Now since xR is a 2-sided ideal of R,
h∈ xRx ⊆ xxR and so h = x2a for some a∈R. Set h1 = xahx, then clearly 0 = h1
and we have that h21 = xahxxahx = xahhhx = xahx = h1 and hx = hhx = xxahx = xh1.
Consequently, xRx contains nonzero idempotents h and h1 with hx = xh1.
Let h0 = h, then by preceding arguments we may 8nd nonzero idempotents hk for
k=1; 2; : : : such that hk ∈ xRx and hk−1x=xhk . Let vk=1−hk+hk−1 for k=1; 2; : : :. Then
vkx=xvk+1, and vk is invertible because Nvk=1− hk+hk−1=(0; 1)+(1; 0)=(1; 1) and J (R)
is nil. Since (1−h1)x is in J (R) and v1x=(1−h1 +h)x=(1−h1)x+hx=(1−h1)x+xh1,
it follows that (v1x)n =((1−h1)x+xh1)n ∈Rh1 (so (v1x)n =(v1x)nh1) for some positive
integer n. Notice that h1 is also a primitive idempotent of R because Nh1 = (1; 0), h1Rh1
is local by Proposition 3.7.2 of Lambek [19] since R is semiperfect. Since h1(v1x)nh1 ∈
J (R), there exists y = h1yh1 ∈ h1Rh1 such that h1(v1x)nh1y = yh1(v1x)nh1 = h1: Then
(v1x)ny(v1x)n = (v1x)nyh1(v1x)nh1 = (v1x)nh1 = (v1x)n
and
(v1x)n = (v1x)(v1x) · · · (v1x) = (v1x)(v1x) · · · (v1x)(xv2)
= (v1x)(v1x) · · · (v1x)(xxv3v2) = · · ·= xn(vn+1vn · · · v2):
This implies xn(vn+1vn · · · v2)yxn(vn+1vn · · · v2) = xn(vn+1vn · · · v2): But vn+1vn · · · v2 is
invertible and so we obtain xnzxn = xn; where z = (vn+1vn · · · v2)y. Since xR is 2-sided,
Rxn ⊆ xnR and so zxn=xnz′ for some z′ ∈R. Hence xn=xn+1t for some t ∈R. Therefore
R is strongly -regular by the preceding two arguments.
There exists a right continuous ring R such that every essential right ideal is 2-sided
and R=J (R) is a direct product of two division rings but R is not -regular as follows.
Given a ring R and a bimodule RMR, the trivial extension of R by M is the ring R⊕M
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with the usual addition and the following multiplication: (r1; m1)(r2; m2)=(r1r2; r1m2 +
m1r2): This is isomorphic to the ring of all matrices
(
r m
0 r
)
, where r ∈R and m∈M
and the usual matrix operations are used.
Example 3. For a prime number p, let Zˆ(p) be the completion of the localization
Z(p), i.e., Zˆ(p) is the ring of p-adic integers, where Z is the integers. Set Zp∞ be
the PrTufer p-group. Then by Osofsky [23], the trivial extension S of Zˆ(p) by Zp∞
is a commutative self-injective (hence continuous) ring. Let R = S ⊕ S, then R is
also a commutative self-injective ring. Note that J (R) = J (S) ⊕ J (S) with J (S) ={(
a m
0 a
)
| a∈pZˆ(p) and m∈Zp∞
}
. So R=J (R) =Zp⊕Zp, a direct sum of 8elds,
where Zp is the ring of integers modulo p. However J (R) is not nil, implying that R
is not -regular.
Acknowledgements
The authors are indebted to the referee for various valuable comments leading to im-
provements of the paper. Especially, the referee provided a rigorous proof of Theorem
2.2 and simpli8ed the proof of Proposition 3.9. The authors would like to express their
gratitude to Professor Jae K. Park and Professor Edmund R. Puczy lowski for valuable
comments. First named author was supported by grant No. (R02-2000-00014) from
the Korea Science & Engineering Foundation and second named author was supported
by grant No. (R05-2003-000-10297-0) from the Korea Science & Engineering Foun-
dation; while third named author was supported by Korea Research Foundation Grant
(KRF-2001-015-DP0005).
References
[1] F.W. Anderson, K.R. Fuller, Rings and Categories of Modules, Springer, New York-Heidelberg–Berlin,
1974.
[2] P. Ara, Strongly -regular rings have stable range one, Proc. Amer. Math. Soc. 124 (1996) 3293–3298.
[3] P. Ara, Extensions of exchange rings, J. Algebra 197 (1997) 409–423.
[4] P. Ara, M. GRomez-Lozano, M. Siles-Molina, Local rings of exchange rings, Comm. Algebra 26 (1998)
4191–4205.
[5] G. Azumaya, Strongly -regular rings, J. Fac. Sci. Hokkaido Univ. 13 (1954) 34–39.
[6] R. Baer, Radical ideals, Amer. J. Math. 65 (1943) 537–568.
[7] G.F. Birkenmeier, H.E. Heatherly, E.K. Lee, Completely prime ideals and associated radicals, in:
S.K. Jain, S.T. Rizvi (Eds.), Proceedings of the Biennial Ohio State-Denison Conference 1992, World
Scienti8c, Singapore–New Jersey–London–Hong Kong, 1993, pp. 102–129.
[8] G.F. Birkenmeier, J.Y. Kim, J.K. Park, A connection between weak regularity and the simplicity of
prime factor rings, Proc. Amer. Math. Soc. 122 (1994) 53–58.
[9] G.F. Birkenmeier, J.Y. Kim, J.K. Park, Regularity conditions and the simplicity of prime factor rings,
J. Pure Appl. Algebra 115 (1997) 213–230.
210 C. Huh et al. / Journal of Pure and Applied Algebra 189 (2004) 195–210
[10] W.D. Burgess, P. Menal, On strongly -regular rings and homomorphisms into them, Comm. Algebra
16 (1988) 1701–1725.
[11] F. CedRo, L.H. Rowen, Addendum to “Examples of semiperfect rings”, Israel J. Math. 107 (1998)
343–348.
[12] A.W. Chatters, C.R. Hajarnavis, Rings with chain conditions, Pitman Advanced Publishing Program,
Boston–London–Melbourne, 1980.
[13] F. Dischinger, Sur les anneaux fortement -reguliers, C. R. Acad. Sci. Paris, Ser. A 283 (1976)
571–573.
[14] K.R. Goodearl, Von Neumann Regular Rings, Pitman, London–San Francisco–Melbourne, 1979.
[15] R. Gordon, J.C. Robson, Krull dimension, Memoirs Amer. Math. Soc. Vol. 133, 1973.
[16] J. Han, Group actions in a unit-regular ring, Comm. Algebra 27 (7) (1999) 3353–3361.
[17] I.N. Herstein, Topics in Ring Theory, The University of Chicago Press, Chicago–London, 1965.
[18] Y. Hirano, Some studies on strongly -regular rings, Math. J. Okayama Univ. 20 (1978) 141–149.
[19] J. Lambek, Lectures on rings and modules, Blaisdell Publishing Company, Waltham–Massachusetts–
Toronto–London, 1966.
[20] C. Lanski, Nil subrings of Goldie rings are nilpotent, Canad. J. Math. 21 (1969) 904–907.
[21] T.H. Lenagan, Nil ideals in rings with 8nite Krull dimension, J. Algebra 29 (1974) 77–87.
[22] W.K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer. Math. Soc. 229 (1977)
269–278.
[23] B.L. Osofsky, A generalization of quasi-Frobenius rings, J. Algebra 4 (1966) 373–387.
[24] L.H. Rowen, Finitely presented modules over semiperfect rings, Proc. Amer. Math. Soc. 97 (1986)
1–8.
[25] L.H. Rowen, Examples of semiperfect rings, Israel J. Math. 65 (3) (1989) 273–283.
[26] G. Shin, Prime ideals and sheaf representation of a pseudo symmetric rings, Trans. Amer. Math. Soc.
184 (1973) 43–60.
[27] Y. Utumi, On continuous rings and self-injective rings, Trans. Amer. Math. Soc. 118 (1965) 158–173.
[28] R.B. War8eld Jr., Exchange rings and decompositions of modules, Math. Ann. 199 (1972) 31–36.
